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929. 


NOTE ON THE SKEW SURFACES APPLICABLE UPON A GIVEN 
SKEW SURFACE. 


[From the Proceedings of the London Mathematical Society, vol. xxi11. (1892), 
pp. 217—225.] 


THE question was considered by Bonnet, in § 7 of his “Mémoire sur la théorie 
générale des surfaces,” Jour. École Polyt., Cah. 32 (1848); I resume it here, making 
a greater use of the line of striction. 


We may construct a skew surface, inextensible but flexible about its generating 
lines, as follows: Imagine a flexible extensible plane, and in it the rigid parallel 
lines L, L, L» L, &c., connected each with the following one by the rigid lines 


PQ, Pi, P:Q;, &c, where PQ, cuts L, L,, P,Q, cuts L, La, &c., at right angles; 
the angles LPP,, L,P,P,, L,P,P;, &c., are taken to be œ, œ, œ &c., respectively. 
Keeping the line L fixed, we may twist the whole plane L,L,L,; ... round PQ,, so 
that the line Z, becomes inclined at a small angle to Z, these lines now having 
PQ, for their shortest distance, and the lines L, Z, &c., remaining parallel to Z, 
in its new position; the foregoing twisting implies an extension (increasing with the 
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distance on each side from P) of the strip or element between the lines L, L; 
after this twisting, we imagine the strip in question to become rigid. The amount 
of the twist is such that, if dé be the inclination of the lines Z, Lı, we have 
dọ = PQ, +r, viz. the twist dọ is in a certain proportion to the shortest distance 
PQ.. Similarly, keeping the line Z, fixed, we twist the whole plane L.L... round 
P,Q., the amount of the twist or inclination dd of the lines Z, and Z, being 
= P,Q.+7,; after the twist, we imagine the strip or element between the two 
lines L,, L, to become rigid. Proceeding in this manner, we have the series of rigid 
elements LL, LL, L.L; &c.; putting the line L in any given position, and then 
keeping it fixed, we may turn the element LZ, round this line so as to bring L, 
into a certain position; then, keeping J, fixed in this position, we may turn the 
element LZ, round L, so as to bring L, into a certain position, and so on. To 
explain this further, imagine through a point O a series of lines K, K,, K., K;, &c., 
such that the inclination of K and K, is equal to that of L and JL,, the inclination of 
K, and K, is equal to that of L, and L, and so on, all these inclinations being 
otherwise arbitrary; or say that we have the double-triangle strips or elements KK,, 
K,K,, K,K,, &c., bounded by pairs of lines, at given infinitesimal inclinations the two 
lines of a pair to each other, and forming a flexible double pyramid, which may be 
bent into any given form whatever assumed at pleasure; and this being so, we see 
that the system of the strips or elements LL, LL, L,L;, &c., may be so bent 
that the lines L, L, L», &c., shall be parallel to the lines K, Kı, Ka, &c., respectively. 


Supposing the distances PQ,, P,Q., P.Q;, &c., to be all of them infinitesimal, we 
have a skew surface containing upon it a curve P,P,P;, &c., which is the line of 
striction, viz. this is the locus of the point on a generating line which is the 
nearest point to the consecutive generating line. Tke line of striction cuts the 
several generating lines at an angle œ, variable from line to line, which is called the 
obliquity; and the inclination between two consecutive generating lines is in a certain 
ratio to the shortest distance between the two lines. Let the inclination = shortest 
distance + 7, this magnitude r being variable from line to line: its reciprocal t~ 
is called the “torsion”; so that the obliquity œ and the reciprocal of the torsion r 
may be regarded as functions of s, the arc of the line of striction measured from 
any fixed point. The skew surface is thus composed of rigid strips or elements, 
each included between two consecutive lines. We have further seen that the surface 
may be bent by turning these rigid elements about the successive generating lines, 
in such wise that the generating lines become parallel to the generating lines of an 
arbitrary cone, which is called the “asymptotic” cone (otherwise the director cone); 
say the surface may be bent so that it shall have a given asymptotic cone. 


I consider a given skew surface; I take æ, y, z for the coordinates of a point 
on the line of striction, and a, £, y for the cosine-inclinations of the generating line 
through this point; æ, y, z, a, B, y are regarded as functions of s, the length of 
or distance along the line of striction measured from any fixed point thereof; and I 
use accents to denote differentiation in regard to s. We have 


e+e =l, 
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and therefore 
aa! + BR’ +y =0; 


A 


æ +y? +2? =1; 


also 


and therefore 
aal + yy + gg” as as 


x’, y’, 2 are the cosine-inclinations of the tangent at the point a, y, z. 


I remark also that, writing 
pt aver yny, 


so that p is the radius of absolute curvature, we have pæ”, py”, pz” for the cosine- 
inclinations of the binormal (or perpendicular to the osculating plane). 


If from the point (æ, y, z) we draw a perpendicular to “the consecutive 
generating line through the point (#+dwz, y+dy, z+dz), this will also be perpen- 
dicular to the generating line through the point (a, y, z), and we thus find 


dal + By’ +yz =0 
as the condition that the point (#, y, z) may be, as it is assumed to be, a point 
on the line of striction. 


For the proof hereof, take for the moment æ, Yı, 2 the coordinates of P, and 
a, Éi, yı for the cosine-inclinations of L; then, considering the line PQ,, this passes 
through P and cuts the line Z; taking its equation to be 


X-es Y-y Z-z 


this meets the line 


a By Yi : 
and we thence find 
A, B, C.J. 
4-2, YW-y, 24-2 | 
a, Bas as 


Writing 7, j, 4=2+2'ds, y +y ds, z+ 2'ds, ds divides out, and we have 
A (Riz -= ny!) + B (ne — az) +C (my — Bie’) =0; 
the line in question cuts L, and L; that is, we have 
Aa, + BB, + Cy, = 0, 


Aa +BB +Cy =0; 
or, eliminating A, B, C, we find 


(By, — Bry) (Biz — ny’) R (ya — na) (2 — a2) + (a8, =a 8) (@y' — Bx’) =0, 
that is, 
(as + Piy +yz) (aa + BR +y) — (aa! + By +yz) (a? + Be +42) = 0. 
©. XIII. 30 


www.rcin.org.pl 


234 NOTE ON THE SKEW SURFACES [929 


But we have 
a? + B? + y? = E 
and, writing 
a%, ĝi, yı=a +a ds, 8+8'ds, y+ yds, 
we find 
am + BR, +y = a? + B® + + (ad + BB’ +47’) ds=1; 


the equation thus is 
(aa + Riy +2’) — (ax + By’ + y2')=0; 
that is, 
a'x’ + B’y' +yz =O, 
the required equation. 


Calling the inclination of the generating line through the point (a, y, z) to the 
tangent of the line of striction the “obliquity,” and denoting it by , we have 


ax’ + By’ + yz’ = Cos w. 


Calling the inclination of the two consecutive generating lines divided by the 
shortest distance between these lines the “torsion,” and denoting it by r~}, we have 


sin? w 


Sa ihe fs ta eg 


In proof hereof, if for a moment ¢ is the inclination of the lines Z and L, to 
each other, then 
cos $ = aq, + BB, + Vi 5 
and therefore 
sin’ $ = (By; — Bry) + (ya — yaY + (a8: — a, pY, 
viz. writing 
%, Bi, w=atads, B+ P'ds, y+ yds, 
this is 
sin? p = ds? {(Bry’ — B’y) + (ye — ya)? + (a8 — a' BY) 
= ds? {(a? + B? +") (a? + B® + y”) — (aa + BR’ + yy')"} 
= ds* (a? + B? +"); 


whence, if for a moment the shortest distance between the two lines is called ô, 
then we have 


sing n sing | 
ô ~ dssin w’ 
that is, 


sin?w sin’¢d , k j 
= =a?+ 8”? 4 2 
T? ds? Yo 


the required equation. 
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We have thus the five equations 
C+ PP +o=1, 
e+ y2%@4+27=1, 
da + By +yz =0, | 
av’ + By’ + yZ = cos o, 
in2 
OP BO a o a 
and if we herein consider » and r as denoting given functions of s, all the skew 
surfaces which satisfy these equations will be surfaces applicable one on the other. 
Adding to the foregoing the derived equations 
aa’ + BB’ +yy =0, 
we! + yy” +22" =0, 
ax” + By” +y?” =—sinw.o’, 
aun!” + By” +yz” + aa" + Bly” +yz” = -sin o.w” — cosa. w”, 
we find without difficulty 


/ 7 , Bz — Á a — a? a ‘— Ba’ 
a, Bi y= w, t; T > Y T 


? 


r § TANA —a#+acosw —yYy +Bceosw. —2+r7c080- 
BY — By, ya -ya ag -ap= 7EAN, Yt Bowe, — etree. 


Putting, for shortness, 


© =- sin w .w” — cos w . w? — (az” + By” +yz”), 
V = a > B > y > 
a! ] y ? 2 
r ” 
| ell ant: A 


and, as above, 
p~ i Ps y”? fa 2, 
we find 
i 1 P SE A A ea S 
| Ve=sint (5-0), si gu ah i 
and to these may be joined 
Ba — yy = P {V a" + w sin o (y2 — y”), 
yx — ad’ =p? {V y" + w sinw (7g — 2’x')}, 
ay’ — Bæ = P {V 2" + w sin ø (a’y” — ay’). 
30—2 
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I remark that, supposing the line of striction to be given, that is, (æ, y, z) to 
be given as functions of s, and moreover the obliquity to be given as a function 
of s, the position of the generating line through the point (æ, y, z) will be given, 
and also the. torsion 7. In fact, among the foregoing equations, we have 


C+ Pots, hk 
az’ + By’ +yz = coso, 
az” + By” +yz” =—sn@.a’, 


which equations determine a, 8, y, that is, the position of the generating line; the 
position of the consecutive generating line is then also determined; we thus have 
a’, 8’, y, and thence the torsion, which is given by the foregoing equation 


Supposing that the line of striction is not given, but that the obliquity œ and 
the torsion 7 are given as functions of s, we have then the foregoing five equations, 
which are not sufficient for the determination of æ, y, z, a, B, y; but, joining to 
them an assumed homogeneous relation between (a, 8, y) the six quantities will be 
determined. The assumed homogeneous relation between (a, 8, y) is the equation of 
the asymptotic cone; and we have thus the theorem that, given the asymptotic 
cone, and also the obliquity and the torsion as functions of s (the are of the line 
of striction), then this line of striction, and the skew surface the locus of the 
generating lines, will be determined. 


We have between a, B, y the assumed homogeneous equation, say U=0; and 
among the foregoing equations, the equations 


in? 
a+ e+= l, and a” + Pipe, 


a given function of s; these equations give, by means of an integration, a, 8, y 
as functions of s; and we have then the above-mentioned equations 


a —acosw, y — p cos ow, 7 —ycosw=7(By — By, yx — ya, a8’ — ap), 


which give, by integration, æ, y, z as functions of s. And the skew surfaces thus 
obtained for an assumed asymptotic cone U=0 will be the required system of skew 
surfaces applicable the one on the other. 


For example, if œ, t are constants, and we take, for U=0, the equation 
yee + B)=0, 


that is, if we consider the skew surfaces of constant obliquity and torsion and which 
have for asymptotic cone a right circular cone: it easily appears that the line of 
striction is a helix traced upon a right circular cylinder, and that the generating 
lines are at a constant inclination to the axis of the cylinder, and all of them 
touch the cylinder. In fact, for such a surface (a kind of helicoid), it is in the first 
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place obvious that the helix is the line of striction, and next that the obliquity and 
the torsion are each of them constant. 


Supposing that the obliquity and the torsion are œ, 7, and that the inclination 
of the generating lines to the axis of the cylinder is 90°—w—6, 6 being a given 
constant, we find 


T cos 6 cos (w + 8) | ssin w 
t= ————— cos : 


sin w T cos (w + 8) 
_ 7 60s 8 cos (e + 8) Í s sin w ' 
faa sin w |T cos (w + 6))’ 
z=ssind; 
i ssin @ 
a =— cos (w + 8) sin | el 


$ sin @ 
B= cos(w + 8) cos coe 


y= sin(w +ò); 
where observe that the line of striction lies on the circular cylinder, 
radius = r cos 6 cos (w + 6) + sin ø. 


In particular, if ò= 0, we have 


8 i 
æ = T cot w cos ——_—_, Q= -— COS w sIn J 
T cot w T cot @ 
y =r cot w sin ———, B= coswcos ———, 
T COt@ T COb W, 
aE; y= sino; 
and, for 5=—w, we have 
peut! 4 . $ sino 
æ = T cot w COS Ea Se, 
i T 
. ssno s sin @ 
y = T cot w sin ———.,, = 0s , 
T Mi 
z = — S Sin o, y= 0. 


The first of these is the skew hyperboloid of revolution 
X?+ Y?—(Z?+4+ 7’) cot? w=0, 


(radius of gorge =Tcotw); and the second of them is the helicoid (radius of cylinder 
=7Tcotw), the generating lines of which are the tangents perpendicular to the axis 
of the cylinder; these are, in fact, surfaces found by Bonnet in his memoir above 
referred to. We may imagine the surface passing from the first form, in which the 
semi-aperture of the asymptotic cone is w, through the series of forms belonging to 
the general formule involving 6, to the second form, in which the semi-aperture is 
= 90°, ie. in which the asymptotic cone is replaced by a plane. 
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